Two improved analytical methods of calculations for natural frequencies and mode shapes of a uniform cantilever beam carrying a tip-mass under base excitation are presented based on forced vibration theory and the method of separation of variables, respectively. The cantilever model is simplified in detail by replacing the tip-mass with an equivalent inertial force and inertial moment acting at the free end of the cantilever based on D' Alembert's principle. The concentrated equivalent inertial force and inertial moment are further represented as distributed loads using Dirac Delta Function. In this case, some typical natural frequencies and mode shapes of the cantilever model are calculated by the improved and unimproved analytical methods. The comparing results show that, after improvement, these two methods are in extremely good agreement with each other even the offset distance between the gravity center of the tip-mass and the attachment point is large. As further verification, the transient and steady displacement responses of the cantilever system under a sine base excitation are presented in which two improved methods are separately utilized. Finally, an experimental cantilever system is fabricated and the theoretical displacement responses are validated by the experimental measurements successfully.
Introduction
Laura et al. [1] successfully determined the first ten natural frequencies of a clamped-free beam with a finite mass at the free end using the standard method of separation of variables. Rama Bhat and Wagner [2] considered the frequencies of a uniform cantilever with an end mass using a power series expansion. [3] extended the research and presented the natural frequencies and mode shapes of a cantilever beam with a tip-mass and a base excitation by forced vibration theory. The consistencies of the analysis results derived by two different analytical methods separately from [1, 3] were discussed in [4, 5] . Finally, Jacquot [6] concluded and proved that the results of the mode shapes of the cantilever beam carrying a tip mass were both correct [1, 3] . Recently, Mousavi Lajimi and Heppler [7] provided a further discussion on [2] and made the method more complete. Soon Bhat [8] gave a response to the author of [7] . On the other hand, based on the model from [3] , Esmailzadeh and Nakhaie-Jazar [9] derived the equation of vibration motion of a cantilever beam with a lumped mass while being excited harmonically at the base. Abramovich and Hamburger [10] further extended the research through the theory of Timoshenko beam. In recent, this model has been used for the application of vibration control [11] and energy harvesting [12] . However, the conclusions and evidences above can only prove the consistency of the methods of forced vibration and separation of variables for analyzing the cantilever beam when the gravity center of the tip-mass coincided with the point of the end attachment.
In this paper, we reinforced the method of separation of variables from [1] and developed the forced vibration method from [3] . Then, the natural frequencies and mode shapes of a cantilever with an offset end-mass under transverse excitation are derived using both of the improved analytical methods. In addition, the tip-mass is equated by an inertial force and inertial moment acting at the free end of the cantilever beam based on D' Alembert's principle and the equivalent process is detailed. The external loads including the concentrated inertia force, the concentrated inertia moment, and the base excitation are represented as distributed loads using Dirac Delta Function. In this case, some typical natural frequencies and mode shapes are calculated by the developed and undeveloped methods. The comparing results show that the inconsistency between the mode shapes derived by the undeveloped method become larger with the increasing offset distance. However, after improvement, the mode shapes derived by two developed methods are in extremely good agreement with each other even the offset distance between the gravity center of the tip-mass and the attachment point is large. As further verification, the transient and steady displacement responses of the cantilever system under a sine base excitation are presented by modal analysis method in which the mode shapes derived by two improved analytical methods above are separately utilized. Finally, an experimental cantilever system is fabricated and the theoretical displacement responses are validated by the experimental measurements successfully.
The Mathematical Model
The uniform cantilever beam carrying a tip-mass at the free end under base excitation is shown schematically in Figure 1 . It should be noticed that the gravity center of the tip-mass is collinear with the gravity center of beam but does not coincide with the point of the end attachment . The mass and the moment of inertia of the tip-mass are both taken into account, but the rotary inertia of the beam is neglected.
The Simplified Model of the Cantilever Beam with a Tip-
Mass. According to D' Alembert's principle, the tip-mass at the free end of the cantilever can be equated by an inertial force and an inertial moment while vibrating. In addition, the tip-mass with larger elastic modulus is always chosen comparing to the elastic modulus of beam. So during vibration, the deformation of tip-mass can be ignored comparing to the beam. That implies that the tip-mass can be regarded as a rigid body while vibrating. In this case, considering the translational motion and rotational motion about a fixed axis of rigid body, the tip-mass can be equated by an inertial force and an inertial moment. The details about these two equivalent processing will be discussed as follows.
In the following analysis, we will limit our study about the tip-mass to planar kinetics because the rigid tip-mass can be considered to be symmetrical with respect to a fixed reference plane.
First, considering the translational effect, since the motion of the rigid body can be viewed within the reference plane, all the forces and couple moments acting on the body can then be projected into the plane. All particles inside the tip-mass may move with the same acceleration (see Figure 2(a) ). The results of the simplification of this inertial force system to the point under translational motion give an inertial force and an inertial moment as follows:
where the vector a indicates the acceleration of the gravity center of the tip-mass, the parameter indicates the value of the tip-mass, and r presents the offset distance.
Next, in the condition of rotational motion about an axis perpendicular to the reference plane and passing through point , all particles inside the rigid tip-mass may rotate with the same angular acceleration (see Figure 2(b) ). Reducing the inertial rotating system to point gives the other inertial force and inertial moment as
where and indicate the angular acceleration and the moment of inertia of the rigid tip-mass, respectively. In this case, the total inertial force and inertial moment of the tip-mass can be written as the sum of the inertial equivalent forces and moments from translational and rotational motions. Assuming that the acceleration and angular acceleration of all particles inside of tip-mass are equal to the accelerations of the particle at point , then the inertial equivalent force and moment of the rigid tip-mass would be written in scalar quantity as
where ( , ) indicates the absolute transverse displacement at the free end of the cantilever beam. The directions of the whole inertial equivalent force and moment can be found according to Newton's third law of motion as shown in Figure 3 .
The Reinforced Method of Separation of Variables.
In this section, the natural frequencies and mode shapes of the cantilever model (as shown in Figure 3 ) will be derived by the reinforced method of separation of variables. First, using Dirac Delta Function [13] , the concentrated equivalent inertia Shock and Vibration
Figure 2: Simplification of the tip-mass to point under (a) translational motion and (b) rotational motion. force and inertia moment can be represented in the form of distributed loads as
Therefore, employing variational method, the dynamic motion equation of the simplified model of the cantilever beam with a tip-mass under base transverse excitation is obtained as
where and denote the flexural rigidity and the mass per unit length of the beam, respectively.
The absolute displacement can be considered as the sum of the relative displacement and the base displacement excitation:
Substituting (6) into (5) gives the new form of the dynamic motion equation as
In this case, the simplified model of the cantilever beam under base excitation can be considered as a new analytical model with the dynamic differential equation of (8) and the boundary conditions of (9) through (12):
The solutions of (8) subjected to four boundary conditions and two initial conditions can be obtained conveniently by the traditional method of separation of variables. The method regards the response as a superposition of the system eigen-functions multiplied by corresponding time dependent generalized coordinates. Of course, this necessitates first obtaining the solution of the system eigen-value problem. Turning attentions to the corresponding eigen-value problem and considering the free vibration characterized by setting ( ) = 0, the solution of (8) becomes separable in space and time. Letting
and substituting (13) into the free vibration form of (8), two dependent equations are obtained using the separation of variables method as
where 2 indicates the angular frequency and 4 = 2 /( ). In this case, the four boundary conditions will be changed as
The general solution of (15) can be easily derived to be 
where = 12 / 11 and the constant 2 is an arbitrary value and in which
The Developed Method of Forced Vibration.
If we treat the base displacement excitation as a kind of boundary condition, then the differential equation of motion and four boundary conditions of the cantilever system can be written as
Shock and Vibration
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Under the simple harmonic excitation , the steady state solution of (23) can be regarded with the form as
where ( = 1, 2, 3, 4) are arbitrary constants, the parameter is defined by 4 = 2 /( ), is the imaginary unit and is the lagging phase.
We recalculated the natural frequencies and the mode shapes directly by substituting (28) into four boundary conditions (24) through (27) and obtained the characteristic equation and displacement response which are different from [3] :
where is defined by ( ) = , and in which
It is obvious that the characteristic equation derived by the reinforced method of separation of variables is equal to the equation obtained by the developed method of forced vibration. The mode shapes cannot be obtained directly because the boundary conditions contain the parameter 2 . However, this problem can be successfully solved by Dirac Delta Function [13] . Thus, the mode shapes may be obtained by the SturmLiouville theory [14] and expressed as
Computed Results and Comparisons
In this section, three types of the natural mode shapes of the cantilever beam with a tip-mass were computed and compared. The first one is called the undeveloped mode shapes which is directly obtained from [3] by the expression
where 1 = 1 / ℎ( ), 2 = 2 / ℎ( ), and 3 = 3 / ℎ( ), in which 1 , 2 , and 3 are the functions 1 , 2 , and 3 with the variable replaced by , respectively.
The second one is based on the expression of the developed mode shapes derived in this paper. Let (30) be multiplied by 2/ 3 to give the second mode shapes as
At last, the arbitrary constant 2 in (22) was chosen as constant 1 to give the third type of the natural mode shapes as
Before the mode shapes are determined, the roots of the characteristic equation must be calculated firstly. The characteristic equation (21) or = 0 can be solved by two steps. First, approximate roots were pointed out by applying graphing method. Then, the approximate roots were iterated by the bisection method to give the exact characteristic roots with given error. All these processes were finished using MATLAB software.
Because the condition that the gravity center of the tipmass coincided with the point of the end attachment has been verified in [6] , we focus on the condition when the offset distance is not zero. Table 1 shows the first five roots of the characteristic equations from five samples with different values of , / , and / . It can be clearly noticed that the larger value of / resulted in the less value of the first characteristic root but the larger values of the other four characteristic roots when and / were set as constants.
Once the roots of the characteristic equation have been obtained, three types of the first five mode shapes of the cantilever structure from the five given samples can be calculated. Figures 4, 5, 6, 7 , and 8 show the first five mode shapes of the cantilever with various combinations of , / , and / . First-type mode shapes, U
i (x) Second-type mode shapes, U
i (x) Third-type mode shapes, U
i (x) It is obvious that when / ̸ = 0 the first type of nature mode shapes
(1) ( ) derived by the undeveloped method turned far away from the third-type mode shapes (3) ( ) derived by the reinforced method of separation of variables. In addition, the larger value of / resulted in the more inconsistent mode shapes. However, the second type of mode shapes (2) ( ) obtained by the developed method of forced vibration seemed in good agreement with the third ones.
Furthermore, the amplitude of the first mode shape decreased, but the other four mode shapes increased with the increasing value of the / when / and were fixed to be constants. The effect from the varying value of / for the lower mode shapes was always stronger than for the higher.
Experimental Verification
In order to experimentally explain and compare two types of natural mode shapes derived by two improved methods above, the transient and steady responses of the cantilever system under an input base excitation should be calculated first. This whole calculation can be finished by method of modal analysis. But above all, the orthogonality property of Shock and Vibration Second-type mode shapes, U
i (x) 
Second-type mode shapes, U
i (x) Third-type mode shapes, U the natural mode shapes should be derived. In fact, using Betti theorem [15] , the orthogonality properties with respect to mass and stiffness can be obtained, respectively, as follows:
In this case, the normalized mode shapes can be defined as
where
Theoretical Responses of the Cantilever System with a Base
Sine Excitation. According to the method of modal analysis, the solution of (8) has the form of
So, inserting (38) into (8) gives
Considering the orthogonality properties of equations (34) and (35), let (39) be multiplied by ( ) ( ) and integrated over Shock and Vibration First-type mode shapes, U (1) i (x) Second-type mode shapes, U
i (x) Third-type mode shapes, U the domain 0 < < to give a set of independent ordinary differential equations as
Considering the properties of Dirac Delta Function
the generalized forces associated with the generalized coordinates ( ) can be obtained as
Furthermore, considering the mechanical damping as Rayleigh damping and ignoring the part of mass damping, the damping coefficient of the bimorph beam can be determined by the modal damping ratio which can be obtained by experiment [16] . The independent ordinary differential equations with damping then can be written as
Now, (43) can be solved using Laplace transform. Applying a sine excitation ( ) = sin( ) to the base of cantilever structure, under zero initial conditions, the transfer function of the independent differential equations for the cantilever beam with tip-mass under base displacement excitation can be written as
where ( ) and ( ) are the Laplace transforms of ( ) and ( ), respectively. The inverse transformation of the transfer function will be further obtained as
In this case, the solutions of (43) can be solved by convolution theorem as
Finally, substituting the result of (46) into (38) and after some lengthy algebraic manipulation, the absolute displacement response of the cantilever beam with tip-mass under base transverse excitation can be obtained as
where 1 and 2 are determined by tan
. It can be seen that the solution consists of two parts about time. The first term represents free vibration which will decay with time exponentially. The second term, depending on the excitation, represents the forced vibration of the system.
Experimental Responses and Comparisons with the Theoretical Results.
In order to explain the absolute displacement response of the cantilever structure under base excitation experimentally, a typical cantilever beam, in which the elongated beam was inserted and fixed into the tip-mass to make sure the gravity center of tip-mass was collinear with the beam, was fabricated (as shown in Figure 9 ). The chosen geometric and physical properties of the cantilever beam including the tip-mass are given in Table 2 .
The complete experimental devices are shown in Figure 10 . The electromagnetic vibrating table type SW-TFA, controlled by a programmable controller type SW-F-2/TF-2, was used to create a specific harmonic input excitation. The cantilever beam with a tip-mass was clamped on the vibrating top platform. Eddy-Current Sensors type DM6008 and ZA210800 were used to measure the input displacement from base vibrating exciter and the absolute dynamic displacement from the beam, respectively. All measurements from cantilever beam and vibrating exciter were connected to Digital Oscilloscope type DS1204B and the Industrial Computer including a PC-based Data Acquisition Module from ADLINK company type DAQ2213. The Digital Oscilloscope and Industrial Computer displayed and processed the measurement results using the DAQPilot software and the results from subsequent analysis using the MATLAB software. a The total mass of the tip-mass including the elongated part of beam was calculated by = + ( − ), where = 10 mm. b The offset distance and the rotary inertia were calculated according to the geometry and material properties of the beam and tip-mass using equations: Figure 9 : Typical cantilever beam with a tip-mass. by Eddy-Current Sensors. The amplitude of the input sinedisplacement excitation for analysis was measured as = 0.01 mm and the damping ratio for the transverse vibration around the fundamental resonant frequency was found to be = 0.0025 by Logarithmic Decrement Method.
In the following paragraphs, we focus on the transient and steady responses of the cantilever system with a sine base excitation. Figures 11 and 12 show the theoretical displacement responses at the free end of the beam from transient to steady state with two improved mode shapes above at the first resonant frequency. It can be seen obviously that the displacement responses with two improved mode shapes we proposed are almost identical. This richly proves that the first-type mode shapes reformulated by the reinforced method of separation of variables are equal to the secondtype mode shapes derived by the developed method of forced vibration. In addition, it can be further obtained that, when the frequency from the base excitation is very close but not exactly equal to the resonant frequency of free vibrations of the cantilever system, a kind of vibration called beating occurs and the period of the beating increases as approached 1 . This kind of beating decays exponentially along the time due to the mechanical damping. Figure 13 shows the experimental displacement responses at the position of = 120.4 mm from transient to steady state. As the same to the theoretical results, experimental displacement response can be regarded as the sum of waveforms from transient and steady states. But the transient response vanished gradually with the time due to the mechanical damping and only the steady response left. In addition, the phenomenon of beating still existed. The amplitude of this beating phenomenon reduced gradually and the closer the exciting frequency approached to the first natural frequency of the cantilever system, the faster the amplitude of the beating decreased. Furthermore, the amplitudes of the theoretical waveforms in Figures 11 and 12 are different from the experimental result in Figure 13 . This may because af the following. (a) The effect of mechanical damping with respect to stiffness was only considered and the mass damping was ignored in theoretical analysis which can also weaken the transient vibration faster. (b) The first natural frequency of the cantilever system was calculated and measured by theoretical and experimental methods as 81.5 Hz and 81.2 Hz, respectively. The little difference made that the max amplitudes from theoretical and experimental results did not appear at the same frequency. (c) In theoretical analysis, the tip-mass was equated by the inertia force and inertia moment acting at the free end of the cantilever, so the total length for theoretical analysis was just the length of the beam of 120.4 mm. However, during experiments, the tip-displacement was measured at the approximate position of = 120.4 mm. This is just an approximate value because Eddy-Current Sensor cannot give exact measurement results of the displacement at the junction between the cantilever and the tip-mass. This may cause that the amplitude level from theoretical discussion was higher than from experimental measurement. In addition, the amplitude of the instantaneous base displacement from the exciter may be not the fixed value 0.01 mm at the starting instant. Therefore, the maximum displacement responses during the transient state in the experimental measurements may shift away from the real experimental results.
The theoretical responses with two improved types of mode shapes and the experimental displacement responses versus varying positions of beam and the frequencies at steady state are shown in Figures 14-16 Figure 16 . It is noticed that when the frequency of base excitation approached to the first natural frequency of the cantilever system, the amplitude of forced vibration will rapidly increase and become maximum for the case when the frequency of the excitation coincides with the natural frequency. Table 3 lists the values of the first natural frequencies and the displacement responses from theoretical and experimental results at some certain positions long the beam under the first natural frequencies. It can be seen that the theoretical and experimental results are matched very close. Table 3 : The first natural frequencies and the resonant displacements at some certain positions.
In a word, the theoretical results with two different mode shapes derived by two improved analytical methods have extremely the same behaviors at transient and steady states with respect to varying frequencies from base excitation. The displacement responses indicate close agreement between the experimental and analytical results. All of these results give full verification for the improvement of the analytical methods in this paper utilized in recalculating the mode shapes of a cantilever beam when an offset distance exists between the gravity center of the tip-mass and the point of attachment.
Conclusions
This paper presents two improved analytical methods of calculation for natural frequencies and mode shapes of a uniform cantilever beam carrying a tip-mass under an input base excitation using forced vibration theory and the method of separation of variables. A simplified cantilever model by replacing the tip-mass with an equivalent inertial force and inertial moment acting at the free end of the cantilever beam was detailed. In addition, using the Dirac Delta Function, the base transverse excitation, the concentrated equivalent inertia force, and inertia moment were represented in the form of distributed loads, which can make the method of separation of variables be utilized properly. In this case, some typical results of natural frequencies and mode shapes of the cantilever beam with a tip-mass were derived using the reinforced method of separation of variables and the developed forced vibration, respectively. Furthermore, based on modal analysis method, the transient and steady displacement responses of the cantilever system with a tip-mass and a sine base excitation were presented in which two different types of mode shapes calculated by two improved analytical methods were used. Finally, an experimental cantilever system was fabricated and some practical displacement responses were measured.
From the results of the typical natural frequencies and mode shapes, we can easily found that the mode shapes from the first improved type were identical to the mode shapes from the second type whether the mode shapes from the lower order or from the higher order even the offset distance was large. The comparing results of the transient and steady displacement responses from the theoretical analysis and experimental measurements further proved the improvements of the analytical methods for calculating the mode shapes of the cantilever beam with a tip-mass and a base excitation. In addition, the amplitudes of the mode shapes decreased with the increasing mass value of the tipmass when the moment of inertia and offset were constants. The amplitude of the first-order mode shape increased, but the other nine mode shapes decreased with the increasing moment of inertia when the mass and offset were set as constants. Conversely, the amplitude of the first mode shape decreased, but the other nine mode shapes increased with the increasing offset distance under the condition that the mass and moment of inertia were constants. Globally, the effect Shock and Vibration from varying combinations of the mass and moment inertia of the tip-mass and the offset distance for the lower-order mode shapes was stronger than for the higher ones.
Furthermore, it is clearly noticed that the mass of tipmass can reduce the values of the natural frequencies and the increasing mass value gave the decreasing frequencies when the moment of inertia of the tip-mass and the offset distance were set as constants. Similarly, the moment of inertia can further decrease the natural frequencies and the higher moment of inertia resulted in the lower frequencies when the mass and the offset were constants. Differently, the offset distance can reduce the first-order natural frequencies but increase the other nine order frequencies, and the higher offset distance led to the lower first-order natural frequencies but produced the higher other nine order frequencies when the mass and the moment of inertia were set to constant. In global view, the influence from the varying mass, moment of inertia, and offset distance for the lower-order natural frequencies was larger than for the higher-order ones weather this influence was negative or positive.
